Department of Physics
PH3010 MSci Skills Project
Observation and analysis of solar limb darkening
Important safety notice
The physics department’s Rules on observatory Safety must be observed at all times.
Never point the telescope at the Sun until the solar filters have been checked and
securely attached. Never remove the solar filters until there is no chance of having
Sunlight enter the telescope, e.g., until the dome is closed or the telescope has been
steered well away from the Sun.
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Introduction

In this project you will measure the intensity of the Sun’s radiation at different positions over
its surface. What you will observe is that the Sun is brighter in the centre of the disc than at
the edge (or limb); this is called limb darkening. These observations can be used to infer the
temperature of the Sun as a function of optical depth. The project provides the opportunity
to become familiar with the operation of the LX-200 Schmidt-Cassegrain telescope and one of
the CCD cameras. Analysis of the data will involve using the method of least squares to fit the
parameters of a function describing the centre-to-limb variation of intensity.
The details of this project, especially the software tools, are in a constant state of
development. Please consult the web page
https://twiki.ph.rhul.ac.uk/twiki/bin/view/Public/StewartBoogertAstronomy
for up-to-date information.
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The assignment

The main tasks in this project are listed below.
1. Familiarise yourself with the safe operation of the telescope and CCD camera (must be
done under the supervision of the member of staff).
2. As a warm-up exercise, take some photographs of the Sun’s surface, including Sunspots if
any are present, and describe the features that you observe.
3. Measure the intensity of the Sun’s radiation through different filters as a function of the
position over the surface of the solar disc.
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4. Use the data to determine the source function S and the temperature T as a function of
optical depth τ .
5. Briefly discuss the meaning of your results in the context of solar models.
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The physics of limb darkening

In this section we recall the ingredients necessary to relate the observed intensity of the Sun
to quantities that can be predicted by solar models, such as the temperature as a function of
depth.

3.1

Qualitative picture

The key to understanding limb darkening is that not all of the photons that escape the Sun
are emitted at the same radius. Rather, they are emitted from a layer called the photosphere,
which is several hundred km thick (small compared to the 700,000 km radius of the Sun). The
temperature increases as one goes deeper into the photosphere, and according to the laws of
blackbody radiation, the light from the hotter regions is more intense.
The light from the interior of the photosphere must, however, pass through the outer layers
in order to escape. In doing so there is given probability that it will be absorbed or scattered.
The distance scale for this to happen is characterized by a certain mean free path, which in
general depends on the photon’s wavelength. Photons that traverse one mean free path coming
from the centre of the disc are originating at a vertical depth equal to this distance. Photons
coming from closer to the limb that travel the same distance through the photosphere, however,
originate closer to the surface of the Sun, where it is cooler. Therefore, the intensity of the
centre of the Sun’s disc is brighter than at the edge. This is illustrated schematically in Fig. 1.

Figure 1: A schematic illustration
of limb darkening (see text).

3.2

Intensity

To describe limb darkening quantitatively, we need to define the intensity of the Sun’s radiation.
Consider an area element dA with a normal unit vector n, as shown in Fig. 2. This area
element could be anywhere in the radiation field, e.g., inside the Sun, although we will finally
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be interested in the case where dA is on the Sun’s surface. Suppose radiation with energy dEλ
passes through dA into a cone of solid angle dω, which has an angle θ from the vector n, in a
wavelength interval from λ to λ + dλ in a time dt. The cone should be regarded as originating
anywhere on dA. The intensity Iλ is defined by
dEλ = Iλ cos θ dλ dA dω dt .

(1)

The factor of cos θ is included in the definition because the area element dA has an projected
area of dA cos θ when viewed along the direction of the cone dω.

n
θ
dω
dA

Figure 2:

Illustration of the
definition of intensity (see text).

The intensity Iλ has units of W m−3 sr−1 . Note that one of the powers of length in the
m−3 is related to the wavelength dλ and the other two are from the area dA. Equivalently, the
intensity Iν can be defined using the energy dEν in a frequency interval from ν to ν + dν, which
has units of W m−2 sr−1 s.
The intensity is what we can measure when we observe the surface of a resolved object such
as the Sun, i.e., when we measure the amount of energy coming from a given area of its surface
projected along our line of sight. It is related to but should not be confused with the flux or the
luminosity. If we consider the energy passing per unit time through the area element dA and
integrate over all solid angle, then we get the radiative flux,
Fλ =

Z

Iλ cos θ dω .

(2)

If we integrate the flux over the surface of a sphere of radius r centred about a star, we obtain
the monochromatic luminosity,
Lλ =

Z

S

Fλ dA = 4πr 2 Fλ ,

(3)

where the second equality holds if the flux is independent of direction. The total luminosity is
obtained by integrating Lλ over all wavelengths; this is what determines the absolute magnitude
of a star.
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3.3

The transfer equation

We will now derive the transfer equation, which describes how the intensity of a radiation field
changes as it traverses matter. Consider an element of matter of thickness ds which could be,
for example, somewhere in the middle of the photosphere. As radiation with a certain incident
intensity Iλ traverses ds it can be scattered or absorbed. The resulting reduction in intensity is
proportional to ds, to the density of matter ρ and to the incident Iλ :
dIλ = −κλ ρIλ ds .

(4)

The constant of proportionality, κλ , is called the absorption coefficient, which depends in general
on the wavelength λ.
The same element of matter can emit photons which will increase the intensity. The change
in Iλ due to emission is proportional to ρ ds but is assumed independent of the incident intensity,
i.e.,
dIλ = jλ ρ ds .

(5)

The constant of proportionality, jλ , is called the emission coefficient, and it also depends in
general on the wavelength λ.
Putting together equations 4 and 5 gives the rate of change of the intensity,
1 dIλ
= jλ − κλ Iλ .
ρ ds

(6)

We now define the source function Sλ as the ratio
Sλ =

jλ
,
κλ

(7)

which has the same units as the intensity. Equation 6 then becomes
1 dIλ
= S λ − Iλ ,
κλ ρ ds

(8)

which is called the equation of radiative transfer or simply the transfer equation.
It is convenient to introduce the optical depth τλs of a region in the photosphere by defining
dτλs = −κλ ρ ds .

(9)

Notice the minus sign since here optical depth is defined to increase moving away from the
observer, whereas s increases as one moves towards the observer. Both κλ and ρ can in general
vary as a function of position.
The optical depth τλs describes the thickness of matter that a ray of light passes through
from somewhere inside the Sun to the observer. Except at the centre of the Sun’s disc, this
thickness does not correspond directly to the depth below the surface. It is therefore useful to
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define the vertical optical depth τλ as the optical depth of a given region inside the Sun, measured
vertically downward from the Sun’s surface. If the normal to the Sun’s surface directly above
the region in question makes an angle θ relative to our line of sight, then dτλ is given by
dτλ = cos θ dτλs = −ρκλ cos θ ds .

(10)

This relation holds as long as one can regard the photosphere as a slab between parallel planes.
Since the photosphere is only several hundred km thick, which is small compared to the Sun’s
700,000 km radius, this is a good approximation except very close to the edge of the disc. In
terms of the vertical optical depth, the transfer equation becomes
µ

dIλ (τλ , µ)
= Iλ (τλ , µ) − Sλ (τλ ) ,
dτλ

(11)

where we will use the abbreviation µ = cos θ. Keep in mind that both Iλ and Sλ depend on
position, and in addition, Iλ depends on the direction θ, or equivalently on µ.

3.4

Solving the transfer equation

What we can measure is the intensity of the Sun’s radiation as it leaves the photosphere, i.e.,
at τλ = 0, and we would like to be able to solve the transfer equation in order to relate Iλ (0, µ)
to the source function Sλ . We start by writing down a formal solution which in effect only
converts the differential equation 11 into an integral equation. To simplify the notation we
will temporarily drop the subscript λ from I, S, and τ , but keep in mind that these quantities
all depend in general on the wavelength. Multiplying both sides of equation 11 by e−τ /µ and
rearranging terms gives
µ

dI −τ /µ
e
− Ie−τ /µ = −Se−τ /µ ,
dτ

(12)

which can be written as

d 
Iµe−τ /µ = −Se−τ /µ .
dτ

(13)

Integrating both sides from a depth 0 (the surface) down to τ and solving for the surface intensity
I(0, µ) gives
I(0, µ) = I(τ, µ)e−τ /µ +

1
µ

Z

τ

S(τ ′ )e−τ

′ /µ

dτ ′ .

(14)

0

If we now consider that the Sun extends many optical depths below the surface, we can let τ go
to infinity. Reinserting the subscript λ, we obtain
Iλ (0, µ) =

Z

0

∞

Sλ (τλ )e−τλ /µ

dτλ
.
µ

(15)

Equation 15 with µ = cos θ gives the intensity we see from the Sun where the normal to
surface makes an angle θ relative to our line of sight. This angle is directly related to the position
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that we view on the Sun’s disc, as illustrated in Fig. 3. If the Sun’s radius is R and we look at
a radius r on the disc, we have

µ = cos θ =

s

1−



r
R

2

.

(16)

n

R
θ

r

Figure 3:

Illustration of the
relation between cos θ, the radius on
the disc r, and the Sun’s radius R
(see text).

3.5

Measuring the source function

We would like to solve equation 15 for the source function Sλ (τλ ) as a function of the vertical
optical depth. If we can then measure Iλ (0, µ), the intensity emerging from the surface at
different angles (i.e., at different positions on the disc), we can use this to determine Sλ (τλ ).
In practice, we do not solve equation 15 for Sλ (τλ ) explicitly. We can, however, suppose a
reasonably general functional form for the source function which depends on certain adjustable
parameters, and we can use the measured intensity to determine the values of the parameters.
For example, suppose that the source function is a power series in τλ times the surface intensity
at the centre of the disc (µ = 1),
Sλ (τλ ) = Iλ (0, 1)

m
X

aλn τλn .

(17)

n=0

Substituting this into equation 15 and using
Z

∞

xn e−x dx = n! ,

(18)

0

we find
Iλ (0, µ) = Iλ (0, 1)

m
X

aλn n!µn .

(19)

n=0

It turns out that a good description of the intensity can often be obtained by using only three
terms (m = 2) in the power series. We then determine the coefficients aλ0 , aλ1 and aλ2 from the
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measured intensity at different values of µ relative to the centre of the disc, Iλ (0, µ)/Iλ (0, 1).
This can be done using the method of least squares, which is described in Section 7.1.
From equation 17 we see that in addition to the parameters aλ0 , aλ1 and aλ2 , we need the
surface intensity at the centre of the Sun’s disc Iλ (0, 1), to determine Sλ (τλ ). With the current
set-up in the RHUL observatory, however, we cannot do this accurately. For purposes of this
project, therefore, we can use the values for Iλ (0, 1) shown in Table 1 (from [Bö89] p. 233).
Table 1: Values of the Sun’s surface intensity at the centre of the disc Iλ (0, 1) for different wavelengths
λ (from [Bö89] p. 233).
λ (nm)
373.7
426.0
501.0
699.0

3.6

Iλ (0, 1) (W m−3 sr−1 )
4.20 × 1013
4.49 × 1013
4.03 × 1013
2.50 × 1013

Determining the temperature as a function of depth

Once we have found the source function Sλ (τλ ), we can use this to determine the temperature
of the Sun as a function of optical depth. To do this we need to introduce the concept of local
thermal equilibrium (LTE).
Consider first a situation where a radiation field is in complete thermal equilibrium with a
blackbody of temperature T . The intensity is then given by the Planck function, Bλ (T ),
Iλ = Bλ (T ) =

1
2hc2
.
5
hc/λkT
λ e
−1

(20)

Furthermore, if we consider an element of matter in thermal equilibrium, then the intensity of
the radiation passing through it does not change, since if it did, the element would either heat
up or cool down. This means that in thermal equilibrium, dIλ /ds = 0, and therefore from the
transfer equation 8 we have
Iλ = S λ .

(21)

Both of these quantities are then equal to the Planck function Bλ (T ) given by equation 20.
The photosphere is not, however, in thermal equilibrium, since there is a temperature
gradient of several thousand degrees over a distance of several hundred km and a net flow
of radiation outwards. However we will assume that these changes are sufficiently gradual that
there is a well-defined temperature at any given position. The assumption of local thermal
equilibrium means that we can find a temperature at each depth such that
Sλ (τλ ) = Bλ (T )

(22)

holds. Further discussion on the validity of LTE can be found in the book by Böhm-Vitense
[Bö89].
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Assuming LTE, i.e., setting Sλ (τλ ) = Bλ (T ), we can solve for the temperature to obtain
T (τλ ) =

hc/kλ


ln 1 +

2hc2
λ (τλ )

λ5 S

 .

(23)

By substituting the source function derived from the measured intensity, we can determine the
temperature of the Sun as a function of the vertical optical depth.
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The Schmidt-Cassegrain telescope

You will be observing the Sun using the Department’s Meade LX-200 12-inch (30.24 cm)
Schmidt-Cassegrain telescope. More information on telescopes and astronomical observations
in general can be found in the book by Kitchin [Ki98].
The telescope is equatorially mounted. The axis of the fork points north and its angle with
respect to the horizontal is equal to the local latitude of 51 degrees, i.e., the fork is parallel to
the earth’s axis. This happens to point about 0.8◦ from Polaris. As the earth turns to the east,
the telescope turns about the same axis at the same rate but to the west, so that the telescope
stays pointing at a fixed direction in space.
In a telescope with a spherical primary mirror, rays that are offset from the centre but still
parallel to the optical axis are not focussed at the same point; this is called spherical aberration.
This can be corrected by making the mirror parabolic. The problem with parabolic mirrors is
that they suffer from a second type of aberration called coma. This is where incoming rays that
are not parallel to the optical axis are not focused at a point. The coma-free field of view of a
Newtonian telescope with a parabolic mirror may be quite small, say, only a few arc minutes
(Jupiter is almost an arc minute across).
A type of telescope invented by Bernhard Schmidt in 1932 solves the problem of coma by
using a spherical mirror. Here it doesn’t matter what direction the rays enter relative to the
mirror’s axis, since a spherical surface is symmetric about any axis that passes through the
centre of the sphere. The spherical aberration is cured by introducing a thin lens called a
Schmidt corrector plate. The Schmidt–Cassegrain telescope in the RHUL observatory is of this
type. Please do not touch the corrector plate! It looks like it has lots of dust on it but this is
not really a problem. Finger prints, on the other hand, are much worse, and the lens is delicate.
The ‘Cassegrain’ part of Schmidt–Cassegrain refers to using a secondary mirror to send the
light back down a hole in the primary. The light travels through the tube (around 50 cm long)
three times so naively one would think the focal length would be around 150 cm. In fact it is
250 cm. This is because the secondary mirror is not flat but rather a hyperboloid, so the rays
coming from it are spread apart leading to a longer effective focal length. The diameter of the
mirror is 25 cm, so the focal ratio is f /10.
The diffraction limit to the angular resolution is about 0.45 arc seconds. In fact the limit
from atmospheric turbulence is more like 1 to 2 arc seconds at night and perhaps 3 arc seconds
during the day. Thus the 10-inch mirror does not really improve our angular resolution over,
say, a 5-inch one. The main advantage of the large aperture is that it collects more light. But
since the Sun is so bright, it is not necessary to take advantage of the full aperture, and in fact
the solar filter that we use masks off all but a 10 cm diameter portion on one side of the mirror.
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CCD camera

The CCD camera that you will use for this project is ‘webcam’ connected to a 1.25-inch tube
that can be inserted into the telescope’s eyepiece holder. The camera can also be connected to
red, green and blue filters which are then in turn connected to the telescope’s eyepiece holder.
The camera is a ImagingSource DMK21AF04.AS with a 6.35mm (diagonal distance) CCD chip
containing 480 × 640 pixels. The camera is 8 bit, which means it can record 28 = 256 different
grey values, from 0 to 255. Care must be taken to ensure that images taken with the camera is
not saturated, i.e there are no values in the image equal to 255. If the intensity is larger than
255 the camera cannot record values and will just record the maximum. If you remove the lens
cover you can peer in and see the chip. Please don’t do this more than for quick looks as we
would like to keep the CCD as dust free as possible.
When photons hit the pixels of the CCD, electrons are liberated by the photo-electric effect.
The photo-electrons can be stored in the pixels with very little loss of charge. At the end of an
exposure, the contents of each pixel are read out row by row into the computer. The number of
photo-electrons in each pixel gives a direct measure of the number of photons collected.
As the ImagingSource DMK21AF04.AS was not designed for serious astronomical work,
its response to different wavelengths is not well determined. For purposes of this project it is
sufficient to know that it has a reasonably uniform response to different colours across the visible
part of the spectrum. As an extension to this project you could devise (and if time permits,
implement) a scheme for calibrating the CCD as a function of wavelength. More information on
the use of CCDs in astronomy can be found in the book by Howell [Ho00].

6
6.1

Experimental procedure
Setting up the telescope and CCD

You should receive a separate introduction to the RHUL observatory and the LX-200 telescope.
Please consult with your project supervisor if you have any questions on its safe and proper
use. A copy of the telescope’s operating manual is in the observatory dome and is also available
online (see link on the course web page).
To use the CCD, mount the 1.25-inch eyepiece holder onto the rear cell of the telescope and
insert the camera into it with the box aligned to the telescope’s fork. Do not over-tighten any
of the screws (firmly finger-tight is sufficient). Connect the cable to the matching matching one
going to the PC and start the IC Capture program. After a few seconds you should see a view
through the camera (probably out of focus).
Before trying to observe the Sun, it is best to have the telescope reasonably well focussed.
This can be done by focussing on one of the towers of Founders Building. As has no doubt been
pointed out to you numerous times, keep the telescope pointed well away from the Sun
during this part of the operation. Never point the telescope at the Sun until the
proper filters are in place.
For solar observation you will use a neutral density filter made with Baader AstroSolar safety
film. It is made out of a very strong but thin (12 µm) film with a reflective coating on both sides.
It transmits only 10−5 of the incident light, which for solar observation is plenty. Note that not
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any ‘ordinary’ coated film will do. Some films which may appear to be as opaque as proper solar
filters could transmit infrared radiation, which can severely damage your eyes. This can occur
without any immediate sensation of pain, which makes it all the more dangerous. The filters
used in this experiment are especially designed to absorb over a broad range of wavelengths and
are CE tested and certified.
Before using the filters, they must be inspected and approved by the member of staff
responsible. Make sure the telescope is pointed well away from the Sun before removing the lens
covers. Mount the filters carefully on the main and finder telescopes, taking care not to damage
the frames.
Finding the Sun with the telescope is sometimes more difficult than one might think. For
a start, slew telescope so that its shadow on the wall is made as small as possible. If you need
to use the finder scope, be careful to shield your eyes from the Sun until you are behind the
eyepiece. It’s best to place the cross hairs near the edge of the Sun’s disc and to then try to
focus.
Needs update To adjust the camera’s exposure and brightness, click on the ‘Settings’ button and go to ‘Advanced camera settings’. From there, you can turn off the automatic exposure
controls and adjust the exposure, brightness, contrast, etc. Be sure to record all of the relevant
settings in the telescope TWiki log book and include these in your report. For measurements of
the centre-to-limb intensity variation, the automatic exposure control must be turned off.
Once you have achieved a good focus, take some pictures of the Sun, with Sunspots if any
are visible, and include this in your report. You should be able to see the granularity of the
Sun’s surface, which is caused by the turbulence at the top of the convection zone, just below
the photosphere.

6.2

Measuring the centre-to-limb intensity variation

The Sun subtends an angle of about 0.5◦ , but the field of view obtained on the CCD chip is
less than 0.1◦ , so it is not possible in a single frame to see the intensity variation from centre
to limb. We have two focal reducers, an f /6.3 and an f /3.3. These increase the field of view
by factors of about 1.6 and 3.0, respectively. The problem with the focal reducers is that the
image brightness becomes significantly non-uniform, with decreased response near the edges.
This is an effect called vignetting, and it would interfere with our attempt to measure the actual
variation in the Sun’s intensity.
Rather than having to correct for vignetting, it is easier to work without the focal reducer, but
to only use the central region of the CCD’s image, e.g., the central 8 × 8 pixels. A measurement
of the centre-to-limb variation can be made by using the drift scan method. First, adjust the
declination of the telescope to be equal to that of the Sun. This can be done by bringing the
cross hairs of the finder telescope as close as possible to the centre of the Sun’s disc.
Then, turn off the telescope’s tracking motors. To do this, bring the arrow on the hand
paddle’s display to ‘Telescope’ using the up or down arrow keys in the lower right and press
‘Enter’. Then move the arrow to ‘Setup’ and press ‘Enter’, then to ‘Targets‘ and press ‘Enter‘.
Then there are two options ‘Astronomical’ and ‘Terrestrial‘, which is equivalent to tracking on
and off respectively. Switching to ‘terrestrial’, you will now see the Sun drift in the field of view
to the west as the earth rotates to the east. You will have to keep moving the right ascension
to the west with the hand paddle to keep the image centred.
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Next, without changing the telescope’s declination, move the telescope past the western limb
of the Sun and simply let it drift all the way through the field of view. You can either take
a video during the course of the scan or you can take a picture at regular time intervals, e.g.,
every 5 seconds. Then repeat the procedure using the colour filters. If time and the clouds
permit, repeat the procedure several times in order to investigate the reproducibility of your
measurements. You should also investigate different camera settings, recording each time the
relevant numbers in your TWiki log entry.
You should also try to estimate the accuracy of your intensity measurements. One method
for doing this is to turn the telescope’s tracking back on (switch back to ‘Astronomical’ targets),
and bring the telescope to the centre of the Sun’s disc. Then take a video or a series of pictures
at the same intervals as used for the drift scan. There will be in general some variation from
picture to picture due to changes in the atmospheric conditions or drift in the camera’s response.
By analysing these variations you can obtain an estimate of your measurement accuracy for the
drift scans.
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Data analysis

There are several steps necessary to go from the raw images to the desired measurements, e.g.,
the temperature as a function of optical depth. They include:
1. Extract the measured intensities from the central regions of your images and estimate the
measurement accuracy.
2. Determine for each measurement the position on the Sun’s disc, or equivalently, µ = cos θ.
3. Choose a functional form f (µ; a), which will depend on some adjustable parameters
a = (a0 , a1 , . . .) to describe the relative intensity Iλ (0, µ)/Iλ (0, 1) as a function of µ. Using
your measurements and the method of least squares, estimate the values of the parameters
(must be done separately for each value of λ).
4. Use the values of the parameters to determine the source function and then use this to
find the temperature as a function of vertical optical depth (also done separately for each
value of λ).
To extract measured intensities from the images you will need to use whatever software tools
we have available. These are in a constant state of evolution and you should consult with your
project supervisor on how to best carry out this step. You can work out the value of µ for each
measured point by using the known value at the edge of the Sun, θ = 90◦ or µ = 0, along with
the known rate of the Sun’s drift.
To estimate the uncertainty in your measurements, you can find the intensities from the
series of n repeated images taken pointing at the centre of the Sun’s disc. To obtain a measure
of their spread, you can compute the standard deviation, σ, using
v
u
u
σ=t

n
1 X
(Ii − I)2 =
n − 1 i=1
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r

n
2
(I 2 − I ) ,
n−1

(24)

where I and I 2 are the averages of the n values of Ii and Ii2 , respectively. If you have time
you could try estimating the measurement accuracy in this way for different positions over the
Sun’s surface. Of course, the standard deviation obtained from equation 24 may not reflect the
entire uncertainty in your measurement. You should try to think of other potential sources of
experimental error and propose how their influence on the measurement could be quantified.

7.1

The method of least squares

In this section we will use a general statistical technique, the method of least squares, to fit a
curve with a specified functional form through a set of data points. This is a very powerful data
analysis tool that is described in more detail in Refs. [Br97] and [Co98].
At this point you should have a series of measured relative intensities,
yi =

Iλ (0, µi )
,
Iλ (0, 1)

i = 1, . . . , n ,

(25)

at n values of µ. In this section we will drop the subscript λ, but it is understood that the
analysis must be repeated separately for each wavelength. Each value of yi is characterized by
a certain standard deviation σi , which you can take to be the value of σ from equation 24 for
all n measurements, or if you have time you can try to estimate individual errors for each data
point.
Furthermore, we have from equation 19 a hypothesis for a function f (µ) that should describe
our measurements of y vs. µ. If we take only three terms in the power series for the source
function, we have
f (µ; a) = a0 + a1 µ + 2a2 µ2 ,

(26)

where a = (a0 , a1 , a2 ) are the parameters that determine the shape of the function. We would
like to find the values of a0 , a1 and a2 so that f (µ; a) best describes the measured values yi .
We do this by finding those parameter values which minimize the following quantity (called
chi-squared),
χ2 (a) =

n
X
(yi − f (µi ; a))2

σi2

i=1

.

(27)

The resulting values are called the least-squares estimators, â0 , â1 , and â2 , for the parameters.
These are written with hats to distinguish them from the true parameter values, which may
forever remain unknown.
Roughly speaking, the idea of minimizing χ2 (a) is that this minimizes the sum of squares of
the distances between each data point and the fitted curve, where for each point, the ‘yardstick’ of
distance is taken to be the standard deviation σi . In this way, data points with large uncertainties
are allowed to deviate more from the curve than those which are well measured.
Finding the estimators â0 , â1 , and â2 can in general be a challenging task in numerical
computing, although in principle for the function of equation 26 we could solve the problem in
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closed form. The computing tools that we have available to do this are constantly evolving, and
you should consult with your project supervisor on how to carry out this step.
Once you have estimated the parameters, you can plot the measured intensities and compare
them with the fitted curve. Hopefully the curve will pass more or less through the points, and
the typical difference between f (µi ; â) and yi should be similar to the size of the error bar σi .
In this case, each point will contribute about one unit to the χ2 , and the minimum value χ2min
will be equal to the number of data points. If the functional form of the hypothesis is correct
and under certain other reasonably general conditions, one can show that the expected value
for χ2min is equal to the number of data points minus the number of fitted parameters, which is
called the number of degrees of freedom of the fit.
If the value of χ2min is much larger than the number of degrees of freedom, then one would
reject the hypothesized functional form as incorrect. You should try the fit with different
numbers of terms in the power series 19, each time comparing the value of χ2min to the number
of degrees of freedom.
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Interpretation of the results

Having used your measurements to determine the temperature of the Sun as a function of
optical depth at several wavelengths, you should discuss briefly what your results imply for the
composition and structure of the photosphere. As a start you can consult, for example, the
books by Böhm-Vitense [Bö89], Carroll and Ostlie [Ca96], and Gibson [Gi73].
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Further work

There are many tasks concerning both the telescope observations and the analysis and
interpretation of the data which extend beyond the scope of this project. You may wish to
consider some of them if you have time. For the observations you could try, for example, to
determine the response of the camera to different wavelengths using light sources of known
frequencies available in the teaching lab. In a similar way we could attempt to measure the
transmission of the filters as a function of wavelength.
A more complete analysis of the data would include a study of the statistical errors in the
fitted parameters and more quantitative tests of the hypothesized functions used to describe the
intensity. For more information see Brandt [Br97] or Cowan [Co98].
The book by Carroll and Ostlie [Ca96] includes a computer program called STATSTAR for a
simple solar model. The program is available from the book’s web site (see below) and it can
be used to predict the temperature of the Sun as a function of optical depth. You can use the
program to investigate how your measurements can constrain the model’s parameters.
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